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Resonated Libration of Tethered
Subsatellite by Atmospheric
Density Variation

Kentaroh Kokubun*
Ship Research Institute, Tokyo 181-0004, Japan

Nomenclature
A = projected area of subsatellite normal to its velocity
Cp = aerodynamic drag coefficient
= altitude of orbit
= length of tether

= mass of subsatellite
= radius of orbit
Ry = radius of the Earth

I S

0 = librational angle between local vertical and tether line,
see Fig. 3

p = atmospheric density

W = true anomaly, see Fig. 2

o = orbital angular velocity

Subscripts

0 = steady-statesolution

1 = condition of day

2 = condition of night

Introduction

LARGE number of researchers have studied dynamics and/or

control of tethered subsatellite systems (TSS).! Concerning
the dynamicsduring the stationkeepingphase in a low-altitude Earth
orbit, Bainum et al.> showed that the instability of out-of-plane mo-
tion with high inclination orbit is caused by a forced resonance
arising from the rotating atmosphere. On the other hand, Onoda and
Watanabe® reported that the in-plane-motioninstability is caused by
the atmospheric density gradient. To the best of the author’s knowl-
edge, the atmospheric density in the literature has been regarded
as a function of altitude only. The atmospheric density is, however,
different during the day from that during the night.* This Note in-
vestigates the effect of this atmospheric density variation on the
in-plane librational motion during the stationkeeping phase.

Equations of Motion

To clarify the effect of the atmospheric density variation, the
mathematical model of the present system is simplified as much as
possible by making the following assumptions.

1) The Earth is spherical. The orbit is circular, and the orbital
plane coincides with the ecliptic plane.

2) The subsatellite is spherical and can be regarded as a mass
point.

3) The mass of the subsatellite is sufficiently small compared to
that of the main body. Hence, the center of mass of the present TSS
can be regarded to coincide with the center of mass of the main
body.

4) The tether is massless and rigid. Its length is constant.

5) The atmospherehas no motion with respectto the inertial space.
Its density is a function of altitude and true anomaly. Figure 1 shows
the variationof the atmosphericdensity with respectto the altitude.*
Curves are drawn for day and night and for periods of high and low
solar activity. Figure 2 shows the orbital plane, where W denotestrue
anomaly measured from the local vertical parallel to the sunbeam.
In the present Note, night is defined as the part of the orbit that
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is in the shadow of the Earth (V; =V < W, + ), whereas day is
defined as the part not in the shadow of the Earth (—W¥, = ¥ < ).

6) Aerodynamic drag is proportional to the atmospheric density,
square of the subsatellite’s velocity relative to the atmosphere, and
projected area of the subsatellitenormal to its velocity. The aerody-
namic drag along the orbit discontinuously changes at ¥ = ¥, and
W, + W, because the atmospheric density changes from daytime to
nighttime value at W = W, and from nighttime to daytime value at
V=V, +¥,.

7) The external forces affecting the motion are only the gravita-
tional force and the aerodynamic drag.

Figure 3 shows a schematic representation of the present TSS.
The equations of librational motion of the subsatellite then can be
written as follows:

6 + 3w sinf cos = Cy o cosf (VY =V < V)
U EV <V +1,)

)]

6 + 3w?sinf cosf = C,w* cos O

where
@i=12) ()
and

R=R;+h 3)

Linearization of the Equations of Motion
Steady-state solution of Eq. (1) satisfies the following equation:

sinfy; = C;/3 4)
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Fig. 1 Variation of atmospheric density with altitude.
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Fig. 3 Schematic representation of TSS.
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Fig. 4 Variation of librational angle.

The equation of infinitesimal additional motion around the steady-
state solution can be obtained as follows:

0, + (piw)*0, =0 Q)
where
pi=+/3-(C/3) (6)
and
6 = 6y +6; @)

as shown in Fig. 3.

Forced Resonance Due to Atmospheric
Density Variation
Itis easy to see that forced resonance may occur when the angular
velocity of the subsatellite libration is equal to a multiple of the
orbital angular velocity as follows:

pi®w = nw n=1,2,3,..) ‘)
Substituting Egs. (2), (3), and (6) into Eq. (8), one can arrive at an
equation describing the condition of the forced resonance due to the
atmospheric density variation as

CpA 2

= 9 —3n2 9
me  p(Re + h)? " ©

Equation (9) has real solution only in the case where n =1, that is,
the tethered subsatellite librates once per orbit. Thus, Eq. (9) yields

CpA 24/6
o = /8 (10)
mt pi(Rg + h)?

where the left-hand side of Eq. (10) consists of the parameters de-
pendent on the form of the TSS; on the other hand, the right-hand
side of Eq. (10) is a function of the altitude &.

Numerical Example

Suppose R, h, and p, to be 6378 km, 160 km, and 1.04 x 107
kg/m3 ,respectively;thenthe value of2«/€/[,02 (Rg+h)?]is obtained
tobe 1.10 x 1074, If parameters Cp, A, m, and € are selectedas 2.2,
1.0 m?, 20 kg, and 1000 m, respectively, then the value of Cp A /m{
is also equal to 1.10 x 107*. Now, Eq. (10) is satisfied, and the
tethered subsatellite may be forced to resonate by the atmospheric
density variation.

Figure 4 shows the time history of the libration 6 by using Eq. (1)
with the initial conditions: ¥ = —W,, 8 =6,;, and 6 =0. It can
be seen that the libration of the tethered subsatellite diverges and
crosses the local horizontal in nine orbits.

Conclusions

It is concluded that the librational motion of the tethered sub-
satellite during the stationkeeping phase is forced to resonate by
the atmospheric density variation. The numerical result shows that
the libration diverges and crosses the local horizontal in nine or-
bits when the angular velocity of the TSS’s libration is equal to the
orbital angular velocity. This result also indicates a possibility that
the librational motion during the deployment and retrieval phases
may be induced to diverge by the external perturbation due to the
atmospheric density variation.

References

"Misra, A. K., and Modi, V. J., “A Survey on the Dynamics and Control
of Tethered Satellite Systems,” Tethers in Space, Vol. 62, Advances in the
Astronautical Sciences, American Astronautical Society, San Diego, CA,
1987, pp. 667-719.

2Bainum, P. M., Diarra, C. M., and Kumar, V. K., “Shuttle-Tethered Sub-
satellite System Stability with a Flexible Massive Tether,” Journal of Guid-
ance, Control, and Dynamics, Vol. 8, No. 2, 1985, pp. 230-234.

30noda, J., and Watanabe, N., “Tethered Subsatellite Swinging from At-
mospheric Gradients,” Journal of Guidance, Control, and Dynamics, Vol. 11,
No. 5, 1988, pp. 477-479.

4Wertz, J. R., and Larson, W.J. (eds.), Space Mission Analysis and Design,
Kluwer Academic, Dordrecht, The Netherlands, 1991, pp. 193-195.

Worst-Case Control for Discrete-Time
Uncertain Nonlinear Systems

Peng Shi*
University of South Australia,
The Levels Campus, Mawson Lakes, SA 5095, Australia
and
Shyh-Pyng Shue’ and Ramesh K. Agarwal*
Wichita State University, Wichita, Kansas 67260-0093

Introduction

NE of the important requirements for a control system is the

so-called robustness. During the last decade, robust control
of uncertain dynamic systems has been extensively studied. Con-
siderable attention has been devoted to the problems of robust sta-
bilization and robust performance of uncertain dynamic systems in
both the continuous and discrete-time contexts.'

We extend the control design methodology proposedin Ref. 3 to
handle the problem of robustcontrol of a class of uncertain discrete-
time systems. The methodology is extended in two ways. The first
ideais to allow parametric uncertainty in the controlled outputequa-
tion. The second aspect is that the nonlinear uncertainty contains
system state, control input, and disturbance input variables all to-
gether. The class of uncertain systems is described by a state-space
model with linear nominal parts and nonlinear time-varying norm-
bounded parameter uncertainty in the state and output equations.
Attention is focused on the design of linear state feedback con-
trollers. We address the problem of robust H,, control in which
both robust stability and a prescribed H,,, performance are required
to be achieved irrespective of the uncertainties. Our results show
that the described problem can be converted to a robust H,,, control
for a related discrete-time system with time-varying norm-bounded
linear uncertainty. Therefore, the Riccati inequality approach* can
be used to obtain a solution to the problem of robust H., control of
nonlinear uncertain systems.

Robust Control Result
Consider the following uncertain system:

(2): Xep1 = Axe + Biwy + Bouy + Ay (O, wie, uy)
Xg = 0 (1)
2 = Cxp + Dywy + Douy + Ay (X, wy, uy) 2)
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